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Instantaneous Receiver Operating Characteristic
(ROC) Performance of Multi-Gain-Stage

APD Photoreceivers
George M. Williams, David A. Ramirez, Majeed M. Hayat, and Andrew S. Huntington

Abstract—We describe the use of analytical and numerical
models of a multi-gain-stage single-carrier multiplication (SCM)
avalanche photodiode (APD) to generate time-resolved receiver
operating-characteristic (ROC) curves. First, pseudo-DC analytic
models of discrete multi-stage APDs are used to generate the
statistical properties of the SCM APD necessary for ROC
analysis. Next, numerical models are used to develop the joint
probability density function (PDF) of the SCM APD gain and
avalanche buildup time as a function of the device structure,
material properties and local electric fields. The instantaneous
(time-resolved) carrier count distributions resulting from photon-
and dark-initiated impact ionization chains are used to calculate
the mean and variance of the currents induced in the circuits
of the photoreceiver over the integration times of the detection
event. Last, autocorrelation functions are generated to allow the
parameters of the signal, the noise and the signal embedded
in noise—which are necessary for ROC hypothesis testing—to
be calculated for the instances of the impulse response. It is
shown that time-resolved ROC analysis of an APD photoreceiver,
which includes the instantaneous properties of photon- and
dark-initiated avalanche events, allows for better optimization
of photoreceiver performance than does non-time-resolved ROC
analysis.

Index Terms—APD, avalanche photodiode, excess noise, false
alarm rate, impulse response, photoreceiver, probability of
detection, receiver sensitivity, shot noise

I. Introduction

A. Properties of Avalanche Photodiode Receivers

AVALANCHE photodiodes (APDs) are widely used
photodetectors in optical receivers deployed in laser

rangefinders, laser radar imagers, optical communications sys-
tems and other applications. An advantage of APDs is their
ability to provide high internal optoelectronic gain. Amplifier
circuit noise is the dominant noise source in high bandwidth
photoreceivers assembled from unity-gain photodiodes; when
APDs are used, the internal current gain of the APD improves
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the receiver’s signal-to-noise ratio (SNR) by boosting the pho-
tocurrent signal beyond the downstream amplifier circuit noise.
However, APD avalanche gain, M, also multiplies its shot
noise, and the shot noise increases faster than the photocurrent
signal by a factor of

√
F , where the excess noise factor, F,

is greater than or equal to one. Moreover, the rate of primary
dark current generation inside an APD increases with reverse
bias, so shot noise, prior to multiplication, also increases
with M. Thus, although amplifier circuit noise dominates at
low values of M, the excess noise factor and dark current
characteristics of the APD determine an optimal gain for every
APD/amplifier combination. Beyond this point, increased M
degrades photoreceiver SNR. The excess noise factor re-
sults from the stochastic nature of avalanche multiplication
and is usually analyzed and measured in the low frequency
limit. However, since most pulse detection circuits trigger
off of photocurrent transients rather than the total integrated
photocharge, there are circumstances in which analysis of
the instantaneous photocurrent and dark current pulse height
statistics are required [1]–[5].

To allow high avalanche gain without the deleterious effects
of excess noise, various approaches have been used. These
approaches include the use of thin multiplication regions [6]
and the use of impact-ionization engineered multiplication
regions [7], [8]; both approaches exploit dead-space effects to
reduce excess noise. Unfortunately, APDs designed to exploit
dead-space effects are generally capable of only low avalanche
multiplication levels [9], [10].

To achieve high gain and low excess noise, superlattice,
graded-gap and staircase APDs [11], [12], [13], [14] have been
proposed. These APD designs generally use multiple, discrete
heterostructured gain stages to promote preferential ionization
of one carrier over the other, so that significant enhancement of
the effective hole–electron ionization ratio, k, is made possible.
In APDs of this type, high gain and very low avalanche noise
is achieved if: 1) A large number of gain stages exist; 2) The
impact ionization events occur only in discrete locations of the
multiplication layer; 3) Mostly one carrier impact ionizes, i.e.,
either electrons or holes, thereby reducing or, preferably, elim-
inating the excess noise associated with ionization feedback
from the other carrier type; and 4) For the preferred carrier
type, the probability of ionizing in each gain stage approaches
unity.

2168-6734 c© 2013 IEEE
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B. Single-Carrier Multiplication APDs
We developed a discrete multi-gain-stage single-carrier mul-

tiplication (SCM) APD that is realized in the InAlGaAs mate-
rial system. The back-illuminated SCM APDs: have 1.5-μm-
thick In0.53Ga0.47As absorbers; are responsive from 950 nm to
1700 nm; and are limited on the short wavelength side by
absorption in the InP substrate. What sets this device apart
from standard InGaAs APDs, is that rather than a monolithic
semiconductor multiplication region, the SCM APD is made
of a cascade of 200-nm thick p-i-p-i-n-i InAlAs/InAlGaAs het-
erostructured gain stages, each designed to spatially modulate
the electric field and material ionization thresholds to favor
local electron ionization over hole ionization [15].

In operation of the SCM APD, photons arrive at the detector
aperture and generate Poisson-distributed electron-hole pairs;
the absorber is located on the anode side of the multiplier, so
only primary photoelectrons are injected into the multiplier.

Upon injection into the multiplier, the primary photoelec-
trons impact-ionize with probability P in each of the J mul-
tiplying stages they transit on the path to the cathode. Each
impact ionization generates a secondary electron-hole pair; on
the path back to the anode, secondary holes impact-ionize with
probability U per stage encountered.

Since electrons and holes are counter-propagating and either
carrier type can impact-ionize in any stage transited, impact-
ionization chains can circulate multiple times through the
multiplier. Each potential impact-ionization event is subject
to chance, so the more branching possibilities an impact-
ionization chain has, the greater the statistical variation of
the gain. Preventing one carrier type from impact-ionizing
greatly constrains the variety of impact-ionization chains that
are possible, minimizing the noise of the gain process.

In an ideal SCM APD, holes do not impact ionize; assuming
negligible contributions from hole-ionization feedback, U →
0. In the ideal case, each primary photoelectron contributes an
average gain of approximately M = (1 + P)J during the time,
T , it transits the J gain stages of the multiplication region
[13], [15], [16]. For example, assuming P = 0.7, a 10-stage
InGaAs/InAlAs SCM APD with no hole ionization feedback
will achieve a gain of M ≈ 202.

However, while the low excess noise associated with single-
carrier ionization is desirable, in many practical high-gain
SCM APD designs, there is a probability that holes will ionize
in each gain stage, i.e., U > 0. For example, a hole-ionization
rate, β, to electron-ionization rate, α, ratio of k = 0.02 has
been demonstrated in SCM APDs operating at gains exceed-
ing M = 1024 [15]. When hole-ionization feedback occurs, a
higher mean DC gain is achieved—as a result of a two-carrier
multiplication process—than occurs with just one ionizing
carrier. As a result, the avalanche impulse response is longer
in duration than the time required for the electrons and holes
created during T = 1 transit times to clear the junction. Also,
because of two-carrier ionization, there is greater uncertainty
in the magnitude of the signal over the instances of the
impulse response [16], [17]. These characteristics govern the
performance of an SCM APD-enabled photoreceiver.

Fig. 1 plots the accumulated gain and the excess noise of the
partial gain as a function of avalanche buildup time, expressed

Fig. 1. Cumulative instantaneous excess noise factor of an SCM APD biased
for DC gain of MDC = 937, plotted as a function of the average transit time
of the multiplication region by a carrier.

as multiples of the average carrier junction transit time [16].
The plot was generated using numerical models of the SCM
APD.

Factors determining which signal a photoreceiver’s decision
circuits monitor are: distributions of photocurrent pulse height,
dark current pulse height, and timing; and the distribution of
amplifier noise. The influence of avalanche gain variability on
photoreceiver performance can be quantified by studying the
resultant receiver operating characteristic (ROC). The influ-
ence of variability in the time and magnitude of the avalanche
gain can be quantified by studying the ROC performance over
the times of the impulse response.

C. Receiver Operating Characteristic

ROC analysis offers a comprehensive way to describe APD
photoreceiver performance [18], [19]. For any given detector,
a ROC curve plots the probability of detection, PDE, as
a function of the probability of false alarm, PFA. For two
detectors operating with the same PFA, if the PDE of one
detector is greater than the other, it can be concluded that
the greater PDE detector is more effective than the other.

ROC analysis casts the detection problem as a binary
decision problem, i.e., a binary hypothesis testing problem.
Although there are only two possible mutually exclusive
hypotheses at any moment for the conclusion that there is
a signal present or not, there are two possible outcomes for
each answer; each conclusion is either correct or incorrect.
The four possible outcomes, which are shown in Fig. 2, are:

1) True Positive (TP): The optical signal is present and is
detected by the photoreceiver. This is also termed the detection
probability, PDE:

PDE =
∞∫

thresh

ps+n (n) dn, (1)

where ps+n is the normalized distribution of the sum of the
signal and noise, and thresh is the detection threshold of
the decision circuit. The distribution of the signal plus noise
can be analyzed by convolving APD pulse height distribution
(including both signal photocurrent and dark current) with the
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Fig. 2. Generic internal response probability of occurrence curves for noise-
alone and for signal-plus-noise trials.

amplifier circuit noise distribution, applying the rule that the
distribution of the sum of two independent random variables
is given by the convolution of their distributions.

2) False Negative (FN): The optical signal is present but
is not detected by the photoreceiver; PFN = 1 – PDE.

3) False Positive (FP): The optical signal is not present
but the photoreceiver registers a spurious detection. This is
also termed the probability of false alarm, PFA:

PFA =
∞∫

thresh

pn (n) dn, (2)

where pn is the normalized distribution of the noise. As with
ps+n, pn can be analyzed by convolving APD dark current pulse
height distribution with amplifier circuit noise distribution.

4) True Negative (TN): The optical signal is not present
and the photoreceiver does not register detection; PTN = 1 –
PFA.

II. Analytical Models of SCM APD

Low-frequency (Pseudo-DC) Signal and Noise

Characteristics

Using the probability density function (PDF) and low order
statistical models of the APD, (1) and (2) can be used to
perform APD photoreceiver ROC analysis.

A. Multiplied Signal in an SCM APD

The multiplied signal across the terminals of an APD
implemented in a photoreceiver, Is, in response to a signal
with optical power, Popt , is modeled as:

Is = M
(
ηq

/
hυ

)
Popt, (3)

where M is APD gain, η is APD unit gain quantum efficiency,
q is charge of an electron, h is Planck’s constant, and v is
frequency of the photon.

For an SCM APD with quantity J gain stages, the avalanche
gain of the SCM APD has been shown to be approximated

as [12]:

MJ =
P − U

P (1 + U)

(
1 + U

1 + P

)J

− U (1 + P)

=
1 − k

(1 + k P)

(
1 + k P

1 + P

)J

− k (1 + P)

(4)

B. Noise Sources of the SCM APD Photoreceiver

Generally, noise sources in an APD photoreceiver include:
1) amplifier circuit noise; 2) shot noise of the photoelectrons,
often described by Poisson statistics [20]; 3) uncertainty
in mean avalanche gain, characterized by the excess noise
factor; and 4) shot noise and excess noise of the multiplied
dark current.

1) Amplifier Circuit Noise: The common sources of elec-
trical noise, including Johnson (or thermal) noise, either obey
or approximate a Gaussian distribution because of the central
limit theorem. Similar to the (discrete) Poisson distribution,
the (continuous) Gaussian distribution fits the description of
a “well-behaved” distribution, having maximum probability
density at the mean value of random variable, < n >, falling
off symmetrically and rapidly to either side of < n >.

2) Poisson Shot Noise: The absorption of light and the
diode leakage processes, such as thermal generation and trap-
assisted tunneling, respectively generate primary photocurrent
(Iaphoto) and primary dark current (Iadark). Photon arrival,
primary dark current generation, and the transit of charge
carriers across barriers (as in a diode junction) are all statisti-
cally independent events; when these processes are stationary
(characterized by a fixed average rate of occurrence) they obey
Poisson statistics. For a given sample time, the number of
electrons transported across the junction, a, fluctuates around
its mean value, < a >, with a variance equal to its mean. The
shot noise of these primary currents is defined as the standard
deviation of a, equal to the square root of the mean value;
in current terms, spectral intensity of shot noise is given by
Schottky’s theorem: SI = 2qIa, where q is elementary charge,
and Ia is primary current. Although the (discrete) Poisson
distribution should be used when the carrier count a is small,
in the limit of large sample sizes, the approximation of a
(continuous) Gaussian distribution with variance equal to its
mean can be used for convenience.

3) Excess Multiplication Noise: In an APD, the primary
carriers generated by a given Poisson process, a, are multiplied
by impact-ionization, yielding a total, n, that is related to the
primary carrier count by a gain factor, m. If the gain process
were deterministic and m were a constant m0, the variance of
the total would be var(n) = m2

0var(a) = m2
0< a >. However, in

most APDs, gain is a random variable, and:

var(n) = 〈m〉2

〈
m2

〉
〈m〉2 〈a〉 = M2 F 〈a〉 (5)

where M = < m > is the average gain, and the ratio of the
average square gain to the square of the average gain, F, is
called the excess noise factor because it represents the propor-
tional increase of the carrier count variance relative to the case
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of deterministic gain; in current terms, spectral intensity of
multiplied shot noise is given by Schottky’s theorem, enhanced
by the same factor: SI = 2qM2FIa. A general expression for
F was derived by van Vliet for the case in which the primary
current into the multiplier consists solely of electrons [12]:

FJ (MJ ) = 1 +
(MJ − 1) (1 − k)

MJ (2 + P + k P)

×
[
−P + 2

(
1 − k P2

1 + k P

) (
MJ k

1 + P

1 − k
+

1

1 + P

)] (6)

where k = U/P. When values of MJ and P consistent with
(4) are used, (6) approximates the excess noise factor of a
J-stage SCM APD. Van Vliet’s expression for F reduces to
the commonly used form of McIntyre [23], FJ = MJ [1 – (1 –
k)(MJ – 1)2/M2

J ], in the limit J → ∞, which applies to most
APDs with homogenous multiplying junctions.

Many analyses of PDE and PFA assume that the output
distribution of multiplied photocurrent and dark current in
an APD are Gaussian-distributed, such that the shape of
the output distribution is well characterized by the variance
given in (5). The central limit theorem ensures that this
is a good approximation in the limit of a large number
of primary carriers; however, since the output distribution
of most APDs for single-carrier input has a strong posi-
tive skew, the approximation is poor in the limit of photon
counting.

Other complications include the distinction between low-
frequency gain versus instantaneous photocurrent in an APD,
and the dependence of the gain distribution upon where
primary carriers are injected into the multiplier. Common
pulse detection systems use comparators that are triggered
when APD instantaneous photocurrent exceeds an adjustable
detection threshold. If the avalanche gain process lasts longer
than the APD junction transit time, the photocurrent peak
height distribution will not be the same as the APD low-
frequency gain distribution, since some of the primary and
secondary photocarriers generated in response to an optical
signal will exit the junction before all the secondaries have
been generated. Moreover, trap-assisted tunneling in the high-
field regions of the multiplier is the dominant source of
primary dark current in an SCM APD, so generation of
primary dark current carriers is distributed throughout the
multiplier, whereas all primary photoelectrons are generated in
a separate absorption layer and are injected into the multiplier
at the anode-facing end. The mean gain of the photocurrent is
greater than that of the dark current because the path length
through the multiplier is longer, and gain distributions are
different because of the greater variation in primary dark
current injection location and associated path length through
the multiplier; injection of pure electron-only photocurrent
from the absorber versus mixed electron-and hole injection
from primary dark current also differentiates the respective
gain distributions [21].

4) Excess Noise of Multiplied Dark Events: In the SCM
APD, the dark carrier generation rate, �, is often dominated by
carrier tunneling from the high field regions of the distributed
gain stages. As a result, count distributions of multiplied dark

Fig. 3. Modeled dark current generation rate as a function of location in
the SCM APDs multiplication layer (x = 0 is the location of photoelectron
injection [22].

carriers have a different mean avalanche gain and variance
than multiplied photoelectrons [22].

Fig. 3 shows a spatially-resolved model of the unmultiplied
dark carrier density generation in the SCM APD multiplication
layer, calculated from [5], assuming a 100-micrometer
diameter SCM APD operating at room temperature. The areas
of highest dark carrier density in Fig. 3 correspond to the
highest electric field region of each of the SCM APD gain
stages. Dark carriers generated in each of the individual gain
stages induce in the external circuits a current signal that
is a function of their spatial origin. As the dark carriers are
generated randomly in the gain stages, the mean amplitude
of the signal induced in the circuits by the dark carriers is
lower in magnitude and higher in variance than the current
induced by the photoelectrons that originate in the absorber
and traverse all of the gain stages [22].

O’Reilly and Fyath address the issue of multiplied shot
noise on dark current generated throughout the multiplier
of an APD by finding an effective excess noise factor that
gives the correct variance when applied to the gain-normalized
terminal dark current. That is, they treat the dark current as
though primary dark current were generated in the absorber,
subject to the same gain as the photocurrent [14]. However,
approximating the dark current pulse height distribution as a
Gaussian distribution with a variance determined by O’Reilly’s
effective F does not work well for single primary carrier
injection. The discrepancy is illustrated in Fig. 4 (top), which
compares two analytic pulse height distributions to two numer-
ical distributions generated by a one-million-trial Monte Carlo
calculation, for a 10-stage SCM APD operated at an average
photocurrent gain of M10 = 404 and characterized by k = 0.004
(the average gain of the dark current is found to be just M = 75
due to the shorter path length through the multiplier). The
curve labeled “Averaged McIntyre” is a better fit than the
Gaussian curve; the averaged McIntyre curve treats the dark
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Fig. 4. Comparison of analytic and Monte Carlo gain distributions for dark
current (top) and photocurrent (bottom) of a 10-stage SCM APD operated at
an average photocurrent gain of M = 404, and an effective impact ionization
coefficient ratio of k = 0.004.

current as though a primary dark carrier pair generated in stage
j of J total stages has the pulse height statistics of a single
electron injected into the first stage of a J – j stage multiplier.
This approximation neglects the possibility of holes impact-
ionizing in stages preceding j and neglects the contribution of
hole feedback between stages to the total gain. The average of
McIntyre distributions written for each value of j between 0
and J – 1 is used to reflect uniform probability of dark current
generation amongst all J stages, and because primary carriers
are generated in the middle of a given stage, they don’t pick
up enough energy to impact-ionize before exiting their stage
of origin:

p (n) =
1

J

J−1∑
j=0

pMcIntyre

(
1, n, m

j
stage, k

)
(7)

where mstage is the gain-per-stage in the approximation of
electron-only avalanche:

mstage = J
√

MJ (8)

and pMcIntyre(a,n,M,k) is the McIntyre distribution for an output
of n carriers resulting from injection of a primary electrons
into a multiplier characterized by average gain M and effective

impact ionization coefficient ratio k [23]:

pMcIntyre (a, n, M, k)
∣∣
M=1 = δa n;

pMcIntyre (a, n, M, k)
∣∣
M>1 =

a ×� ( n
1−k

+1)
n (n−a) ! × �( k n

1−k
+a+1)

× [ 1+k (M−1)
M

]a+ k n
1−k × [ (1−k) (M−1)

M

]n−a

(9)

in which � denotes the Euler gamma function. The two
Monte Carlo distributions plotted in Fig. 4 (top) correspond
to the distribution of gain in the low-frequency limit (i.e.,
the distribution of the total output carrier count, integrated
over the complete impulse response) and that of the maximum
number of holes simultaneously in the APD junction, which is
a surrogate for the peak height of the dark current pulse. The
hole count is used for the impulse response statistics because
holes travel a much longer path from their point of generation
to the anode than do the electrons to the cathode, and so are
the dominant contribution to SCM APD current.

Fig. 4 (bottom) makes similar comparisons for several
different analytic models of the pulse height distribution of
the photocurrent. Whereas primary dark current generation
was distributed uniformly across the ten high-field AlGaInAs
impact-ionization layers of the SCM APD multiplier in the
Monte Carlo simulation plotted in Fig. 4 (top), in Fig. 4
(bottom), primary photocarrier injection occurs in the absorber,
distributed according to the absorption envelope for 1550-
nm light; 100000 trials were run to generate the photocurrent
statistics. The two curves labeled “McIntyre (DC Gain)” and
“McIntyre (DC Gain = Average Hole Peak)” correspond to (9)
for M = 404 and M = 211, respectively. Although (9) applies
only to the low-frequency gain of the APD, it was adapted
to analyze the height distribution of the peak of the impulse
response by using an effective gain of M = 211, which is the
average across all Monte Carlo trials of the maximum hole
population in the junction (effectively, the average impulse
response peak height). The two analytic distributions labeled
as “Gaussian” apply (6) to compute the variance of a Gaussian
distribution centered on an average gain of M = 404; “McIntyre
F” uses the form of (6) that applies in the limit J → ∞.
Finally, the curves labeled “Matsuo” show the counting distri-
bution of a hypothetical staircase APD with strictly electron-
only multiplication, published by Matsuo et al. [23]

Fig. 4 illustrates that low order statistical measures, such
as the excess noise, fail to take into consideration the carrier
count distributions, as they do not provide a complete statis-
tical description of the multiplied photon and dark carriers.
They are thus insufficient for accurate ROC analysis of APD
receivers.

Furthermore, in an APD, the variance of the gain process
can vary over the span of the avalanche buildup time as
different groups of carriers propagate through the multiplier.
Due to the complex interplay between the buildup time and the
gain, and to describe accurately the pulse detection process,
one must appeal to the complete statistical analysis of the
times of the APD impulse response. Thus, while pseudo-DC
gain and excess noise measures are useful for describing APD
photoreceivers operating under low frequency signal condi-
tions, such as when the optical pulse is longer than the impulse
response, they do not accurately describe a photoreceiver pulse
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detection process under the most practical operating scenarios
in which short optical pulses are used [13].

Lacking accurate closed form analytical models of the
partial gain over the times of an APD impulse response,
numerical models of the instantaneous excess noise of the
cumulative partial gain are required.

III. Numerical Models of SCM APD Impulse

Response

The PDE and PFA values required for APD photoreceiver
ROC analysis necessitate a more complete statistical descrip-
tion of the current, such as those found in the carrier counting
distributions. Indeed, PDE and PFA performance measures are
especially dependent on the tails of the counting distributions,
which are generally only weakly reflected in the excess noise
factor.

Furthermore to model accurately the signals induced in the
external circuits by multiplied photon and dark signals over
integration times shorter than the optical pulse duration, the
multiplied carrier count distributions must be known for each
instance of the impulse response [16], [22]. In order to model
statistically the integrated photocurrent over the integration
times of the decision circuits, the autocorrelation function of
the photo and dark signals is also necessary [24].

To describe the instantaneous gain and noise performance of
the SCM APD, we developed an extension of the Dead Space
Multiplication Theory (DSMT) [25], [26], which enabled us to
determine the spatial and temporal distribution of the electron
and hole impact ionization events.

The DSMT’s recursive equations were modified to include
carrier energy relaxation effects and, for the dark current,
primary carrier injection throughout the multiplier, so that the
PDFs of the electron and hole populations of the junction could
be calculated as functions of time for both dark current and
photocurrent [16]. The low-order statistics of the photocurrent
and dark current were calculated from the carrier population
statistics as a function of time by application of the Shockley-
Ramo Theorem [27].

Fig. 5 shows the instantaneous mean and variance of
photocurrent and dark current over T = 25 junction transit
times, calculated by the DSMT for the 10-stage SCM APD
described in detail in [15]. The calculation of dark current
impulse response statistics assumes generation of primary dark
current is distributed through the multiplier as shown in Fig. 3.;
the photocurrent calculation assumes primary photoelectron
injection at the edge of the multiplier

The models assumed the SCM APD included a 1.5-μm
thick InGaAs absorption region and a 2-μm thick multiplica-
tion region formed by 10 200-nm thick heterostructured gain
stages. Assuming, for the sake of simplicity, equal electron and
hole carrier velocities of about 106 cm/s, which was estimated
from the impulse response curves of [16], the transit time of
a 10-stage InAlAs multiplication region can be estimated to
be approximately 200 ps.

In a ROC curve, the true positive (TP) rate is plotted as a
function of the false positive (FP) rate for different threshold
settings. Each point on the ROC curve represents a TP/FP

Fig. 5. Numerically modeled impulse response from photoelectrons (x = 0)
and the mean of the dark carriers generated randomly in the gain stages of a
10-stage SCM APD.

(sensitivity/specificity) pair corresponding to a particular deci-
sion threshold. Our approach to including APD instantaneous
properties in the photoreceiver ROC analysis using the time-
resolved PDFs and statistical models of the SCM APD, was
to solve the signal detection problem in which, based on an
optimal threshold test at each time of the impulse response,
it was decided whether a signal was present or not. For the
instances of the impulse response, we constructed the carrier
PDFs for both: 1) the case in which the signal was embedded
in noise; and 2) the case in which only amplifier and dark
noise were present. We used the MGFs to generate low-order
statistical moments at each time of the impulse response,
assuming that the probability densities are normally distributed
with mean, μ, and variance, σ2.

To generate the ROC curves, the null hypothesis was tested
by calculating the partially integrated stochastic photocurrent
due to dark carriers in the integration interval {0, T b}. T b was
expressed at multiples of T transit times, and the dark carriers
were assumed to be generated randomly throughout the high
field regions of the device.

The pair of parameters generated for the case when only
dark current noise was present, included the mean given by
[17]:

μ0 = ϕ

Tb∫
0

t∫
0

〈
Ip(t − ξ)

〉
dξdt (10)

where Ip(t) is the mean impulse response of the dark carriers
(calculated from Fig. 3) and the variance is given by:

σ2
0 = ϕ

Tb∫
0

Tb∫
0

u∧v∫
0

RIp(u − ξ, v − ξ)dξdudv (11)

where RIp(t1, t2)is the autocorrelation function of the dark
carriers averaged over the multiplication region, as shown in
Fig. 6.

The autocorrelation function calculated for the photon signal
is shown in Fig. 7.

The alternative hypothesis was calculated, over the inter-
val {0, T b} by integrating the photon-triggered signal pulse
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Fig. 6. Auto-correlation of SCM APD dark-generated events over 25 transit
times.

Fig. 7. Auto-correlation of SCM APD photon events over 25 transit times.

embedded in the noise of the integrated dark current. The mean
and the variance of the alternative hypothesis are given by:

μ1 = μ0 +

Tb∫
0

〈
Ip(t)

〉
dt (12)

and

σ2
1 = σ2

0 +

Tb∫
0

Tb∫
0

RIp(u, v)dudv. (13)

Using the parameters for each hypothesis, the ROC curve of
Fig. 8 was expressed as a function of the number of integrated
carrier transit times for a 10-stage SCM APD, assuming no
electronic amplifier noise.

It can be seen by examination of Fig. 8 that assuming no
noise contributions from amplifier circuit noise, the area under
the ROC curves reaches a maximum at T b ≈ 1T transit times
(approximately the peak of the impulse response shown in
Fig. 5. For integration times longer than T b > 1T transit times,
PDE decreases due to the deleterious effects of the cumulative
excess noise of the partial gain of the photosignal and dark

Fig. 8. ROC curve for a 10-stage SCM APD with the dark current generation
rate shown in Fig. 3, without contributions from amplifier noise, i.e., APD
only.

Fig. 9. ROC curves shown as a function of the integration time Tb. The
curves were calculated including a 42 e- RMS amplifier and an InGaAs
absorption layer.

current contributions, which dominate the signals at longer
integration times.

Fig. 9 shows ROC curves for the 10-stage SCM-APD
photoreceiver, in which an amplifier with a Johnson noise
source equivalent to 42 e- RMS, is included. For any PFA,
the PDE of Fig. 9 is reduced from the ideal case of Fig. 8.

When including amplifier noise sources, the noise floor is
greater and longer integration times are necessary. As a result
the area under the ROC curve occurs later in the impulse
response than is the case when only the APD is considered.
Under these conditions, in Fig. 9 the area under the ROC curve
is optimal for a signal integrated at approximately T b = 3.7
transit times (approximately 740 ps).

Fig. 10 and Fig. 11 show the PFA and PDE components,
respectively, of the ROC curve shown in Fig. 9. In these
figures, each curve is expressed as a function of the threshold
setting; for convenience, each curve is expressed in terms
of gain for single-photon inputs. In these figures, it is clear
that at approximately T b = 3.7 transit times, the SCM APD
partial gain is sufficient to overcome the 42 e- RMS amplifier
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Fig. 10. Probability of false alarm as a function of the threshold including
the equivalent of 42 e- RMSJohnson noise from the amplifier.

Fig. 11. Probability of detection as a function of the threshold including an
amplifier Johnson noise contribution of 42 e- RMS.

noise. From Fig. 1, we can determine that at approximately
3.7 transit times, the partial gain is approximately Mτ = 80.
At longer integration times, although PDE increases at all
threshold levels, at each setting PFA also increases due to
increase in accumulated multiplied photon- and dark-carrier
excess noise.

IV. Summary

We have demonstrated the ability to use numerical models
of the instantaneous properties of a multi-gain-stage SCM
APD to predict the performance of an SCM APD threshold
receiver over the instances of the APD photoreceiver’s impulse
response most relevant to pulse detection. It is shown that due
to the bias-dependent instantaneous avalanche multiplication
properties of an APD impulse response, in cases where the
optical pulse is shorter than the impulse response function
(non-instantaneous gain), the pseudo-DC avalanche gain prop-
erties most often used to characterize APD performance are
inadequate for describing photoreceiver performance.

In most practical applications it is necessary to perform
ROC analysis over the instances of the receiver’s impulse
current response. In the case of the SCM APD, modified
DSMT models allow PDFs of the current signal induced in the
circuit by photon-initiated and dark-initiated avalanche events
to be calculated for the times of the impulse response, so
that instantaneous statistical moments of avalanche events can
be determined, allowing for the probabilities of detection and
false alarm rate to be calculated as a function of integration
time. The time-varying properties of the generated ROC curves
illustrate the significance of using this approach to describe
accurately the performance of APD photoreceivers.

While we have demonstrated this approach to photoreceiver
ROC analysis for the single-photon response to a 10-stage
SCM APD, this approach can similarly be used to model the
response of a photoreceiver so as to describe multi-photon
pulse signals and other dark carrier generation rates, such as
those that might result from smaller diameter and cryogeni-
cally cooled APD receivers, including those not configured
with SCM APDs.
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